In this chapter, the nonuniform torsional vibration problem of bars of arbitrary doubly symmetric constant cross-section is analysed, taking into account the effects of geometrical nonlinearity (finite displacement -small strain theory) and secondary twisting moment deformation. The resulting coupling effect between twisting and axial displacement components is taken into account and a constant along the bar compressive axial force is induced so as to investigate the dynamic response at torsional postbuckling configurations. A coupled nonlinear initial boundary value problem with respect to the angle of twist and to an independent warping parameter is formulated. The problem is numerically solved employing the analogue equation method, a boundary element method (BEM)-based method, leading to a system of nonlinear differential-algebraic equations. The main purpose of the present contribution is twofold: (i) comparison of both the governing equations and the numerical results of linear or nonlinear free or forced vibrations of bars ignoring or taking into account the secondary twisting moment deformation effect and (ii) numerical investigation of nontrivial nonlinear phenomena arising in primary resonance excitations and nonlinear free vibrations of bars at torsional postbuckling configurations. Numerical results are worked out to illustrate the method, demonstrate its efficiency and, wherever possible, its accuracy.
Introduction
When arbitrary torsional boundary conditions are applied either at the edges or at any other interior point of a bar, this bar under the action of general twisting loading is led to nonuniform torsion. In this case, apart from the well-known primary (St. Venant) shear stress distribution, normal and secondary (warping) shear stresses arise formulating the warping moment (bimoment) and secondary twisting moment (bishear), respectively [1] [2] . Warping shear stresses can be estimated by formulating a boundary value problem with respect to a secondary warping function [1, 3] or by studying the equilibrium equations of a small segment of an elementary slice of the bar [4] . However, the aforementioned techniques do not achieve to include the warping shear stresses in the global equilibrium of the bar and to perform an accurate analysis of bars of closedshaped cross-sections [5] , that is to account for the secondary twisting moment deformation effect (STMDE). This effect generally necessitates the introduction of an independent warping parameter in the kinematical components of the bar (along with the angle of twist), increasing the difficulty of the problem at hand.
Besides, since weight saving is of paramount importance in many engineering fields, frequently used thin-walled open sections have low torsional stiffness and their torsional deformations can be of such magnitudes that it is not adequate to treat the angles of cross-section rotation as small. In these cases, the study of nonlinear effects on these members becomes essential, where this non-linearity results from retaining the nonlinear terms in the strain-displacement relations (finite displacement -small strain theory).
During the past few years, the linear or the nonlinear nonuniform torsional dynamic analysis of bars has received a good amount of attention in the literature. However, in these research efforts, the analysed cross-sections are thin-walled ones, forced vibrations are not investigated, geometrical nonlinearities are considered only for static initial stresses and deformations and the angle of twist per unit length is considered as a warping parameter, with the exception of Simo and Vu-Quoc [2] who presented a FEM solution to a fully nonlinear (small or large strains, hyperelastic material) three-dimensional rod model based on a geometrically exact description of the kinematics of deformation. However, in [2] , a static postbuckling analysis of a framed structure is presented, thus the nonlinear torsional vibration problem is not discussed.
In this chapter, a boundary element method (BEM) is developed for the nonuniform torsional vibration problem of bars of arbitrary doubly symmetric constant cross-section, taking into account the effects of geometrical nonlinearity and secondary twisting moment deformation. The bar is subjected to arbitrarily www.witpress.com, ISSN 1755-8336 (on-line) distributed or concentrated conservative dynamic twisting and warping moments along its length, while its edges are subjected to the most general axial and torsional (twisting and warping) boundary conditions. The essential features and novel aspects of the present formulation compared with previous ones are summarised as follows: i. The cross-section is an arbitrarily shaped doubly symmetric thin or thick walled one. The formulation does not stand on the assumptions of a thinwalled structure and therefore the cross section's torsional and warping rigidities are evaluated 'exactly' in a numerical sense. ii. The present investigation focuses on torsional vibrations and provides a unified framework for the theoretical statement and numerical comparison between shear deformable and shear undeformable bars undergoing linear or nonlinear, free of forced vibrations. iii. Nonlinear free vibrations at torsional postbuckling configurations and primary resonance excitations are numerically examined revealing several aspects of nontrivial nonlinear phenomena. iv. The proposed method employs a BEM approach resulting in line or parabolic elements instead of area elements of the FEM solutions.
Statement of the problem

Displacements, strains and stresses
Let us consider a prismatic bar of length l , of constant arbitrary doubly symmetric cross-section of area A . The homogeneous isotropic and linearly elastic material of the bar's cross-section, with modulus of elasticity E , shear modulus G and mass density ρ occupies the two-dimensional multiply connected region Ω of the , y z plane and is bounded by the ( ) denote an independent warping parameter and an "average" axial displacement of the bar's cross-section, respectively, that will be later discussed.
Employing the strain-displacement relations of the three-dimensional elasticity, exploiting the assumptions of moderate displacements
∂ ∂ + ∂ ∂ and employing eqns (1), the nonvanishing strain resultants are obtained as
, .
Considering strains to be small and employing the second Piola-Kirchhoff stress tensor, the work contributing stress components are defined in terms of the strain ones as , , ,
where * E is obtained from Hooke's stress-strain law as
formulations [4] and is adopted in the present contribution as well. Substituting eqns (2) into eqns (3), the stress resultants are obtained as
where
denote the well-known primary (St. Venant) shear stress distribution accounting for uniform torsion [1] and
denote the secondary (warping) shear stress distribution accounting for nonuniform torsion.
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Primary warping function
The primary warping function is evaluated independently by exploiting local equilibrium considerations along the longitudinal x axis from the solution of the following boundary value problem [1] 2 0 in , on , 
Warping shear stress distribution, independent warping parameter x η
By substituting eqns (5-7) on the differential equation describing local equilibrium along the longitudinal axis x and the associated boundary condition [6] , it is easily concluded that these equations cannot be satisfied. Moreover, a warping shear stress distribution including a secondary warping function S S φ has been proved not to violate both the aforementioned equilibrium equation and the associated boundary condition, as proposed in [3] . Therefore, employing eqns (6) to obtain accurate values of warping shear stresses is of doubtful validity, especially near the boundary of the cross-section. Nevertheless, the present formulation makes it possible to accurately analyse bars of either closedor open-shaped cross-sections. It can also account for warping shear stresses in global equilibrium, which has not been achieved in previous research efforts [3] .
Equations of global equilibrium
To establish global equilibrium equations, the principle of virtual work ( ) ( )
under a total Lagrangian formulation is employed. In the above equations, ( ) Performing the decomposition of shear strains into primary and secondary parts, as it is described for shear stresses in eqns (4b,c, 5, 6), the contribution of shear stresses in the virtual work of internal forces can be written after some algebraic manipulations as
where P t M and S t M are the primary and secondary twisting moments, respectively [1] , defined here as d ,
Substituting eqns (5-6) into eqns (10), the above stress resultants are given (with respect to the kinematical components) as
where t I and S t I are the primary (St. Venant) [1] and secondary [5] torsion constants, respectively, given as 2 2 d , d ,
with A θ defined as the 'effective shear area due to the restrained torsional warping'. Throughout the present work it is assumed, unless otherwise stated, that 1 A θ = , which evidently leads to the relation S t P t I I I = − ( P I is the polar moment of inertia [6] ).
It is also convenient to define stress resultants arising from normal stresses as 
where S C is the warping constant with respect to the shear center S [1] . Substituting the stress resultants given in eqns (4), the strain ones given in eqns (2) and the displacement components given in eqns (1) to the principle of virtual work (eqn (8)), the governing partial differential equations of the initial boundary value problem of the bar are obtained after some algebra such as ( , ) ,
together with the boundary conditions at the bar ends 0,l x = where N , t M and w M are the axial force, twisting and warping moments at the bar ends, respectively, given as
i = are time-dependent functions specified at the boundary of the bar and PP I , appearing in eqns (15b), (18b), is a geometric cross-sectional property given as 
where n I is a nonnegative geometric cross-sectional property related to the geometrical nonlinearity, given as 
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In the above equations, κ is an auxiliary geometric constant related to the STMDE given as ( ) S S t t t I I I κ = + . Comparing the formulated reduced initial boundary value problem and the one presented in [6] where the STMDE is not taken into account, it is concluded that this effect alters the expressions of warping inertia, warping stiffness and external loading and induces higher order nonlinear inertia and stiffness terms in the governing partial differential equation. Some nonlinear stiffness terms are also induced in the kinematical and stress components at the bar ends.
Integral representations -numerical solution
According to the precedent analysis, the nonlinear nonuniform torsional vibration problem of shear deformable bars reduces to establishing the displacement component ( , ) x x t θ , satisfying the nonlinear initial boundary value problem described by the governing eqn (20), the initial conditions (16c,d) along the bar and the boundary conditions (17b,c) at the bar ends 0,l x = . This problem is solved employing the analogue equation method [8, 9] . . The bar's ends are simply supported according to its torsional boundary conditions, while the left end is immovable and the right end is subjected to a compressive axial load according to its axial boundary conditions.
In Figure 1(a) , the load-frequency relations given in [10] ,lin f ω is the fundamental natural frequency of the bar undergoing linear torsional vibrations, ignoring STMDE and is numerically evaluated by following the methodology presented in [6] . In Figure 3 , the time history of the angle of twist ( / 2, ) x l t θ at the midpoint of the bar is presented (with or without STMDE) considering the geometrical nonlinearity. The beating phenomenon observed is explained from the fact that large twisting rotations increase the bar's fundamental natural frequency f ω . After the angle of twist reaches its maximum value, the amplitude of twisting deformations decreases, leading to the reversal of the previously mentioned effects.
Example 2 -closed-shaped cross-section
In the second example, the (geometrically) linear response of a bar ( ,lin f ω is the fundamental natural frequency of the bar undergoing linear torsional vibrations, ignoring STMDE and is numerically evaluated by following the methodology presented in [6] . In Figure 4 , the time histories of the secondary twisting moment M t × ) the STMDE are presented demonstrating the decisive influence of the aforementioned effect to these stress resultants. It is worth here noting that the significance of STMDE in linear static analysis of bars of closed-shaped cross-sections has been already reported in the literature [5] .
Concluding remarks
The main conclusions that can be drawn from this investigation are a. The geometrical nonlinearity leads to coupling between the torsional and axial equilibrium equations and alters the modeshapes of vibration. b. Large twisting rotations have a profound effect on the fundamental natural frequency of buckled bars undergoing large amplitude free vibrations. c. Geometrical nonlinearity bounds the (twisting) deformations of bars at a pre-buckled state subjected to primary resonance excitations. A beating phenomenon is observed in the time histories of kinematical components. vibrations. Its effect is much more pronounced on stress components, concluding that it cannot be neglected in linear dynamic analysis of bars of such cross-sections.
